We study the semi-classical behavior of the spectral function of the Schrödinger operator with short range potential. We prove that the spectral function is a semi-classical Fourier integral operator quantizing the forward and backward Hamiltonian flow relations of the system. Under a certain geometric condition we explicitly compute the phase in an oscillatory integral representation of the spectral function.
Introduction
We study the structure of the spectral function associated with the semi-classical Schrödinger operator with short range potential on R n . We prove that the appropriately cut-off spectral function is a semi-classical Fourier integral operator associated to the union of the backward and the forward Hamiltonian flow relations of the principle symbol of the operator. We also show how this allows us, under a certain geometric assumption, to compute the phase in an oscillatory integral representation of the spectral function.
Our result is motivated by the following theorem by Vainberg. In [7, Theorem XII.5] Vainberg considers operators of the form
where a i,j , b i , c ∈ C ∞ (R n ) and A ≡ −∆ for x ≥ 1. He assumes that the energy 1 is non-trapping for the principal symbol of A. Vainberg then establishes an asymptotic expansion in λ → ∞ of the spectral function e λ , which is defined as the Schwartz kernel of dE λ dλ , where {E λ } denotes the spectral family of A. Vainberg expresses this asymptotic expansion in the form of a Maslov canonical operator K Λ,λ associated to a certain Lagrangian submanifold Λ = Λ y ⊂ T * R n and acting on another asymptotic sum in λ. The Lagrangian submanifold Λ y consists of the phase trajectories at energy 1 of the principal symbol of A passing through a fixed base point x(0) = y, while the terms of the asymptotic sum on which K Λ,λ acts solve a recurrent system of transport equations along the phase trajectories of the system.
The semi-classical spectral function
Here we study the semi-classical behavior of the spectral function of a Schrödinger operator with short range potential at a fixed energy λ > 0. More precisely, we work in the following setting. Let X be a smooth manifold of dimension n > 1 such that X coincides with R n on R n \B(0, R 0 ) for some R 0 > 0, where B(0, R 0 ) = {x ∈ R n : x < R 0 } and · denotes the Euclidean norm on R n . Let g be a Riemannian metric on X which satisfies the condition
Let V ∈ C ∞ (X; R) be such that for some τ > 1 and for every α ∈ N n
Then the operators P (h) = 1 2 h 2 ∆ g + V, 0 < h ≤ 1, admit unique self-adjoint extensions with domains H 2 h (X). We denote by {E µ (h)} the spectral family of the operator P (h) and by e µ (h) the spectral function of P (h), i.e. the Schwartz kernel of
) will be denoted by · α,−α . Let H p be the Hamiltonian vector field of p and let γ(·; x 0 , ξ 0 ) = (x (·; x 0 , ξ 0 ) , ξ(·; x 0 , ξ 0 )) denote the integral curve of H p , or (phase) trajectory, with initial conditions (x 0 , ξ 0 ) ∈ T * X. We define a non-trapping energy level as follows:
We now choose functions χ j ∈ C ∞ c (R n \B(0, R 0 ); R), j = 1, 2, with disjoint supports. We assume that λ > 0 is such that P − λ is of principal type. Then it follows that Σ λ
are Lagrangian submanifolds of T * R n × T * R n .
To state our main theorem, we further let π 2 : T * R n × T * R n → T * R n denote the canonical projection onto the second factor. We also refer the reader to the Appendix for the definition of the class of semi-classical Fourier integral operators I r h , r ∈ R, as well as for a review of the relevant notions from semi-classical analysis.
We can now state the following
Then there exist open sets W ± ∈ T * R n × T * R n , such that
Before proving the theorem, we would like to make two remarks:
The assumption on the polynomial bound of the resolvent is satisfied in a number of interesting situations: at non-trapping energies (see [6, Lemma 2.2] ) and at trapping energies λ under the assumption that the resonances (
In the latter case, in order to define the resonances by complex scaling, Michel [5] also assumes that there exist θ 0 ∈ [0, π), > 0, and R > 0 such that V extends holomorphically to
and
Theorem 1] roughly says that semi-classical Fourier integral distributions, i.e., Schwartz kernels of the elements of I r
Furthermore, such a phase function always exists near any point ρ ∈ Λ (see [1, Section 4.1]), and the corresponding symbol a φ with an asymptotic expansion in h can always be found (see [1, Theorem 1]). Theorem 1 thus implies that the appropriately cut-off spectral function always admits such an oscillatory integral representation. In Lemma 1 below we explicitly compute the phase functions parameterizing certain of these Lagrangian submanifolds.
Proof of Theorem 1. We recall that
The same proof as in [2, Theorem 2] then shows that
The assumption that χ 1 and χ 2 have disjoint supports is essential in the proof of [2, Theorem 2]. Since Λ + R (λ) and Λ − R (λ) are disjoint, it follows that
We now turn to showing how the forward and backward flow relations, W + ∩ Λ + R (λ) and W − ∩ Λ − R (λ), respectively, can be parameterized by non-degenerate phase functions. For that we make the following assumption Assumption 1. The trajectory γ 0 (·; y 0 , η 0 ) = (x 0 (·; y 0 , η 0 ), ξ 0 (·; y 0 , η 0 )) ⊂ Σ λ with y 0 ∈ supp χ 1 and z 0 def = x 0 (t 0 ; y 0 , η 0 ) ∈ supp χ 2 is non-trapped and is contained in a central field, i.e. (see [4, Section 46 .C]),
By the Implicit Function Theorem, then, there exist open neighborhoods T ⊂ R, Y , Z ⊂ R n , of t 0 , y 0 , and z 0 , respectively, and a unique function η ∈
We can therefore define the action
over the segment l(t, y, z) from (y, η(t, y, z)) to (z, ξ(t; y, η(t, y, z))) of the trajectory γ(·; y, η(t, y, z))
x) + λ is the Lagrangian associated to the Hamiltonian p − λ and ν = sgn t 0 .
We now have the following Lemma 1. Let λ > 0 be such that P − λ is of principal type and let γ 0 , T, Y, Z, ν be as above.
Then S ν is a non-degenerate phase function and
Proof. Assumption 1 allows us to apply [4, Theorem 46 .C], and we obtain (1) d z S ν (t; y, z) = ξ(t; y, η(t, y, z)). 
This implies that det ∂ξ ∂y (t 0 ; ·, η 0 ) (y 0 ) = 0. This, on the other hand, implies that det ∂x ∂η (−t 0 ; x 0 , ·) (ξ 0 ) = 0, where (x 0 , ξ 0 ) = exp(t 0 H p )(y 0 , η 0 ).
Thus we can again apply [4, Theorem 46 .C] and obtain η(t, y, z) .
Lastly, we observe that since P − λ is of principal type, it follows that dd t S ν = 0 on {d t S ν = p − λ = 0} (see [4, Theorem 46 .C]), and therefore S ν is a nondegenerate phase function. This, together with (1) and (2) , implies that, perhaps after decreasing T × Y × Z around (t 0 , y 0 , z 0 ), y, ξ (t; y, η (t, y, z) ) , η (t, y, z)) :
and Λ S ν is a closed Lagrangian submanifold of T * R 2n .
The following lemma describes the microlocal structure of the cut-off spectral function.
, and x(t 0 ; y 0 , η 0 ) = z 0 ∈ supp χ 2 be non-trapped and contained in a central field. Let ν = sgn t 0 . 
microlocally near (y 0 , −η 0 ; z 0 , ξ(t 0 ; y 0 , η 0 )) for t 0 > 0 and near (z 0 , −ξ(t 0 ; y 0 , η 0 ); y 0 , η 0 ) for t 0 < 0.
Appendix A. Elements of semi-classical analysis
In this section we recall some of the elements of semi-classical analysis which we have used here. First we define two classes of symbols
where h 0 ∈ (0, 1] and m, k ∈ R. For a ∈ S m 2n (1) or a ∈ S m,k (T * R n ) we define the corresponding semi-classical pseudodifferential operator of class Ψ m h (1, R n ) or Ψ m,k h (R n ), respectively, by setting
and extending the definition to S (R n ) by duality. Below we shall work only with symbols which admit asymptotic expansions in h and with pseudodifferential operators which are quantizations of such symbols. For A ∈ Ψ m h (1, R n ) or A ∈ Ψ m,k h (R n ), we shall use σ 0 (A) and σ(A) to denote its principal symbol and its complete symbol, respectively. A semi-classical pseudodifferential operator will be called of principal type if its principal symbol a 0 satisfies
For a ∈ S m,k (T * R n ) or a ∈ S m 2n (1) we define:
where we define S * R n = (T * R n \{0}/R + and denote by • c the complement of the set •. For A ∈ Ψ m,k h (R n ) or A ∈ Ψ m h (1, R n ) we then define its semi-classical wavefront set W F h (A) = ess-supp h a, A = Op h (a).
We also define the class of semi-classical distributions D h (R n ) with which we will work here
and ·, · denotes the distribution pairing, with the obvious extension of this definition to E h (R n ). Everywhere here we work with the L 2 -based semi-classical Sobolev spaces H s h (R n ), s ∈ R, which consist of the distributions u ∈ E h (R n ) such that
We shall say that u = v microlocally (or u ≡ v) near an open or closed set 
, h → 0, for all N ∈ N 0 and for all A j ∈ Ψ 0 h 1, R k , j = 0, . . . , N − 1, with compact semi-classical wavefront sets and principal symbols vanishing on Λ, and any A N ∈ Ψ 0 h (1, R k ) with a compact semi-classical wavefront set. A continuous linear operator C ∞ c (R m ) → D h R l , m, l ∈ N, whose Schwartz kernel is an element of I r h (R m+l , Λ) for some Lagrangian submanifold Λ ⊂ T * R m+l and some r ∈ R, will be called a global semi-classical Fourier integral operator of order r associated to Λ. We denote the space of these operators by I r h (R m+l , Λ). We extend these notions to compact manifolds through the following definition of semi-classical pseudodifferential operators on compact manifolds. Let M be a smooth compact manifold and κ j : M j → X j , j = 1, · · · , N, a set of local charts. A linear continuous operator Lastly, we define the microlocal equivalence of two semi-classical Fourier integral operators. 
We shall also write T ≡ T near V × U.
